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1 Finite differences

Finite differences are approximations to the derivatives of functions that we can use to solve differential
equations. Instead of considering the exact definition

d .. flz+dr)— f(o)

dr dlgigo dz ’ (1)

we could, for example, not assume that dz is infinitesimal and instead simply consider the *finite
difference approximation*

dx dx ’
Now while this is quite an intuitive way of thinking about finite differences, there are more sys-
tematic ways of obtaining derivatives of functions that are accurate to different orders in dx. In the
following sections we will discuss them in more detail.

1.1 Forward, backwards, and centered finite differences

Remember that there are three, equivalent ways of writing the derivative definition we have shown
above. These are

&t A~ f()

dx - Az—0 Ax ’

af . flz) - flz— Ax)

dr Alalcgo Az ’ 3)
& Ar) — [ - do)

dr  Az—0 2Ax

Each of these expressions yield a different kind of finite difference approximation to the derivative
of f(x), that is
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& fla+A2) - f@)

dr Az ’

ﬁ%f(x)—f(x—Ax) (4)
dz Az ’

df _ flz+Ax) — f(r — Ax)

dz 2Azx '

In the first equation above we compute the derivative of f(z) by considering the points (f(z), f(z+
A;E)) Because of the nature of the approximation to use points that are further *up* the z-direction,
this is called a ***forward finite difference approximation***,

Similarly, the second equation above is used to compute the derivative of f(z) by considering the
points ( flx —dx), f (x)) Because of the nature of the approximation to use points that are further
*down* the z-direction, this is called a ***backwards finite difference approximation***,

Finally, the third equation above computes the derivative of f(x) by considering the points
( flx —dx), f(z + dx)) Quite appropriately, this is referred to as ***centered finite difference ap-
proximation™**,

1.2 Determining finite differences expressions

Let us now present a more systematic way of determining the finite difference approximation to the
derivative of a function f(¢,x). We will choose a function of 2 variables on purpose, because it then
becomes trivial to understand the algorithm for functions of even more variables. In the derivations
below, the single variable case can be obtained by simplying supressing the variable x altogether.
Consider the Taylor series of the function f(¢,z) around different points, strategically chosen:

2 3 4

(= 302) = 1(t,2) 380901, 0) + 002 0,0) — B2t 0,0y + CEtp00) 4 0 (a0
2 3 4

(t—200) = 1(t,2) 280901, 0) + C20 02 0,0) — B2t 0,0y 4+ PRt )+ 0 (a0

2 3 4
Flt = Atw) = (k) ~ AD (1) + 07 f(0) — S0 () + + S )0 (a8)

4
f(t+At,x) = f(t,2) + Atd f(t, ) + A;'Qaff(t,m) + Agt'ga?f(t,m) + +(A4t') Of(t,z)0 (AL

2 3 4

f(t+2At2) = f(t,z) + 2At0 f(t, z) + (2§!t) OXf(t,x) + (2§!t) Rf(t,x) + (2375) O ft.x)+ 0O (AL
2 3 4

F(t+ 308 2) = f(t,) + 3At,F(t, ) + (33’5) O2f(t ) + (3§!t) OB F(t ) + (33’5) OLf(t,x) + O (AF) .

()

1.2.1 Second order, forward finite difference

To obtain the expression for a forward finite difference approximation to the derivative 0, f(¢, z) that
is accurate to second-order in the step size, O (AtQ), we compute

flt+2At z) — 4f(t+ At,z) = =3f(t,z) — 2At0, f(t,z) + O (AF?) . (6)

Note that we have chosen to multiply f(¢ + At,x) by 4 because then we cancel the term of QA2
exactly when performing the operation above. We then have, rearranging the terms and dividing
through by At,

—f(t+2At,x) +4f(t + At,x) — 3f(t, x)

+0 (Af?)]. (7)

Similarly, we could seek for an expression that approximates 92 f(t, z) also to second-order in the
step size. Consider
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— F(t+3Atx) + Af(t+ 20t x) — 5f(t+ At,x) = —2f(t,2) + AQfQ (—9+16—5)2f(t,z) , (8)

resulting in

02 f(t,x) = LU 3ALT) HA( Y Mivtﬂ;) —5f(t+Atx) +2f(t,2) | )

1.2.2 Second order, backward finite difference

Backwards finite differences mirror the derivation of forwards finite differences. This means we can
compute

flt—2Atz) —4f(t — At,z) = =3f(t,z) + 2At0, f(t,2) + O (AF?) (10)

which, upon rearranging the terms yields

F(t —2At,2) — Af(t — At x) + 3f(t, z)

= A2 . 11
0:f (t, ) AT +0(AF) (11)

The result for the second derivative is
52 (t.2) = —f(t — 3At,x) +4f(t — 2AZ£) = 5f(t = At,x) +2f(t,2) | 12)

1.2.3 Second order, centered finite difference

Now, consider subtracting the third expression from the fourth, so that

flt+ At z) — f(t — At,x) = 2At0,f (t,x) + O (AE?) (13)
which yields

ft+ At x) — f(t — At, )
2At

On the other hand, adding the same two expressions we obtain

O f(t,x) = +0(aR)]. (14)

flt+ At z) + f(t — At,z) = 2f(t, z) + ALOF f(t,z) + O (At') . (15)
or
02 1,0y = LEFBED Z2IE RV ETEZBLT) 4 6 (a2 | (16)

1.3 Index notation

When dealing with finite differences, it is common practice to introduce the following notation

fn-Ati-Ax,j- Ay, k-Az) = f 1. (17)

The indices (i, j, k) indicate the points in the grid that we are in. This notation greatly simplifies
the finite differences expressions. For example, the fourth-order accurate, centered finite difference
approximation to the second derivative of f(t,x,y, z) with respect to y reads (we refer the reader to

the next section for the computation of the coefficients used in the following equation)

gzpn ok T8 i = 8Lt ok
Yy

Tk = 194y +0 (At . (18)
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1.4 A practical way of computing finite difference coefficients
1.4.1 Center Finite Differences

We will now discuss a fairly practical way of computing finite difference coefficients, which is the
method used by the NRPy+ infrastructure. Our discussion will follow very closely that of Zach
Etienne in the NRPy+ Tutorial-How_NRPy_Computes_Finite_Difference_Coeffs.

By construction, a center finite difference approximation to the *first* derivative of a function up
to order O (h™), where h is the step size, will require a *stencil* of size 2n+1. In other words, consider
the first derivative of a function f(z) accurate to O (dz*), and assume:

Oufi = a—afi—o+a—1fic1 +aofi + a1 fix1 + azfiyo . (19)

Then, by considering the set of Taylor series we had before, we can add up all the Taylor series to
obtain:

a_sfi—o +a_1fi-1 + aofi + a1 fiy1 + asfiro = (—2%—2 — 1%y + 1% + 1%y + 2%a) fo
( 2la_y —1'a_y + 0'ag + 1a; + 2'a 2) Axf) f
+ (—2%a—3 — 1%a_1 + 0%ap + 1%a1 + 2%a 2) o2f (20)
+ ( 2Ba_y —13a_1 + 0%ag + 13a1 + 2%a 2)
+ ( 2%a_o9 —1%a_1 + 0%ag + 1%a; + 24a2) —34

Which leads to the following system of equations (absorbing the powers of Az in the derivatives,
for now)

0x0'=—-2%_5—1%_1 + 1% + 1% + 2%,
1x1=—2%_9—1'a_; + 0%y + 1'a; + 2'asy
0x 2! = —2%a_5 — 1%a_; + 0%ag + 1%a; + 2%ay (21)
0x 3 =—-2%_5—13%a_; + 03ag + 13a1 + 2%ay
0x4!=—2%_5—1%a_1 + 0%ag + 1*a1 + 2%as

or, in matrix form

(22)

o O = O
I
A~ N N
|
[\]
— — — — —
[\
AN N N N N
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—_
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)
S
[\
—_
[\
[\)
N
<
=)

Solving the problem now amounts to inverting the matrix

(_2)0 ( )O 10 10 20

(-2)! (-t ot 1t 2!

M= [(-2)? (-1)? 0% 12 22 (23)
(_2)3 ( )3 03 13 23

(-2 (-=n* o* 1+ 2¢

The following code in Python, which uses the [SymPy](https://www.sympy.org/) module takes
care of this:
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# Import SymPy Python module
import sympy as sp

# Set stencil size, initialize the matrix to zero
stencil_size = 5
M = sp.zeros(stencil_size,stencil_size)

# Loop over the matrix elements, implementing the pattern above
for i in range(stencil_size):
for j in range(stencil_size):
ML(i,j)] = (j - (stencil_size-1)/2)**i

# Invert the matrix
M_inv = M#*x(-1)

The code above produces the following answer

0 lhz —lpg —1/12 1/
0 -2 253 e —1/6
M7t=11 0 54 0 g | . (24)
0 23 23 =1k -1/
0 —lh2 —lpg 1/12 1/

Now, if we want to obtain, say, the pth derivative of the function f, we compute the dot product
between the p-+1 column of the matrix M ! with the vector (f;_2, fi_1, fi, fi+1, fiz2). To restore units,
we also multiply the entire thing by Ap;p. For example, the zeroth order derivative would correspond

to p = 0, hence

AL;() (0fi2 +0fim1 + 1fi + 0fis1 +0fir2) = fi - (25)

The first order derivative, on the other hand, corresponds to

1!

L, 2, L2, L. _ fica = 8fic1 +8fina
Aaz1<12f"2 glimt T 0fi g fin 120f’+2>_

— fit2 1
=0:fi+ 0O (A .
12A7 ofit O (A
(26)
Finally, since it turns out that for center finite differences the second derivative stencil size is the

same as the first derivative, we can also compute the p = 2 case

2!
Az?

—f. 1 4 — . 1 . _ £
fi—2a +16fi1 12321;4- 6fiv1 — fira _ 92110 (Aa?) .
(27)
Unfortunately, the other two columns give us approximations for 93 f and 92 f which are accurate
only to O (Aa:2). To obtain these derivatives at O (Am4), we would need to increase our stencil size

by 2.

1 2 5 2 1
<_24fi2 + gfifl - zfi + gfi+1 - 240f¢+2> =

1.4.2 Forward/backwards Finite Differences

To compute the forward/backwards approximations, we follow a completely analogous prescription.
The forwards/backwards finite differences, the first order derivative accurate to order O (h™) requres
a stencil size n + 1. We then wish to compute, say to order O (A:UG), the forward finite difference
approximation first derivative of f(x). This requires a stencil of size 7, which i.e.

ao fi + a1 fix1 + a1 fiy1 + a2 firo + asfirs + aafiza + as firs + as fire - (28)

By staring at the previous section, it is easy to convince oneself that the matrix we need to invert
now is
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00 10 20 30 40 50 60‘
01 11 21 31 41 51 61
02 12 22 32 42 52 62
M=10% 13 2% 3% 43 5% 63 (29)
04 14 2% 3% 4% 5% ¢!
05 1° 25 3% 4% 55 ¢°
00 16 26 36 46 56 g6

We can then use the following piece of code to invert this matrix:

# Import SymPy Python module
import sympy as sp

# Set stencil size, initialize the matrix to zero
stencil_size = 7
M = sp.zeros(stencil_size,stencil_size)

# Loop over the matrix elements, implementing the pattern above
for i in range(stencil_size):
for j in range(stencil_size):
ML(i,j)] = jx*i

# Invert the matrix
M_inv = M#*x(-1)

resulting in

[1 —49k0 203/90 —49/s8  35/144 —T/240 1/720 ]

0 6 —87/10 296 —31/24 e  —1/120

0 __15/2 117/8 __461/48 137/48 __19/48 1/48

0 20/3 —127/9 313 12135 1) —1/36 | . (30)
0 __15/4 33/4 __307/48 107/48 __17/48 1/48

0 6/ —27/10 13/ —19h4  2/15  —1/120

10 -l 137/360 —5/16 17/14a —1/ag  1/720 |

To obtain the final result, the process is identical to the central finite differences case. Consider the
pth derivative. Then, multiply the p + 1 column of the AM~! matrix by the vector

(fi, fix1s fix2s fit3, fiva, fixs, fire). For example, for p =0

0!
A0 (fi #0fix1 +0fig2 +0fir3 +0fiya +0fixs +0fire) = fi - (31)

The first derivative is given by the p = 1 case,

1! 49 15 20 15 6 1
N <—20fz' +6fiv1 — 5 fiva + 5 fivs = fivat+ g fivs — 6fi+6> =0, fi + O (A2°) . (32)

To obtain the second derivative with the same accuracy, we would need a stencil size that is greater
than the one we use by 1. The algorithm for backwards finite differences should now be straightforward
and will be left as an exercise to the reader.
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