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Motivation & Overview

MBH ∝ p − p*
γ

γ ≈ 0.37
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★ Small (< 2000 lines of code), fast, open-source, well-documented, user-
friendly code for gravitational collapse of massless scalar fields in 
Spherical-like coordinates

★ No AMR required!
✓ Fully explores the symmetries of the problem

✓ Smart choice of the numerical grid

✓ Critical phenomena can be easily studied on the scale of laptop computers!

★ Available features

✓ Easy to extend grid choices

✓ OpenMP parallelism

✓ Useful diagnostics

✓ Multiple initial conditions available, easy to extend

Available at: https://github.com/leowerneck/SFcollapse1D

The SFcollapse1D code

https://github.com/leowerneck/SFcollapse1D
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★ NRPy+: "Python-based code generation for numerical relativity... and 
beyond!”

★ Completely open-sourced, permissively licensed

Available at: http://nrpyplus.net/

★ Similar to Kranc, but no Mathematica/Maple license required

NRPy+ — Overview

http://nrpyplus.net/
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NRPy+ — Scalar field collapse
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NRPy+ — Scalar field collapse
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Overview of the codes

★ Both codes have been designed with memory efficiency and user-
friendliness in mind. The user is able to study critical phenomena using their 
desktop or laptop computer!


★ SFcollapse1D is a great code for beginners


★ SFcollapse1D can also be used for other spherically symmetric systems of 
interest


★ NRPy+Col is a flexible and powerful code. It allows the user to choose 
between many different curvilinear coordinate systems and thus can adapt 
to a plethora of different problems


★ NRPy+Col uses state-of-the-art numerical relativity, with NRPy+ being used 
to generate extremely efficient C code 



Results
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Scalar fields in curved spacetime — Initial conditions
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Critical phenomena — Near critical lapse results
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Critical phenomena — Universality

Proper time
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Critical phenomena — Universality



Critical phenomena — Universality



Summary and future work

➡ We have developed new, efficient codes to study critical phenomena


➡ Currently working on publish these results


➡ In the future: study problems where the spherical symmetry 
condition is relaxed


➡ Introduce a cosmological constant (undergrad student project is in 
progress)



Questions?
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Motivation & Overview

➡ Sub-goal (this talk!):

!? Develop a user-friendly, well-documented infrastructure to 

study gravitational collapse

➡ Main goal:

!! Study gravitational collapse of massless scalar fields

?? Problem: our group had no experience with numerical relativity
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r = A
sinh(x/w)

sinh(1/w)

Critical phenomena — SinhSpherical coordinates



Dr. Leonardo R. Werneck | West Virginia University

Σ(0)

Σ(Δt)

Σ(2Δt)…

Σ(tmax)

⃗x

t

Numerical relativity
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Ψ(t, r) ≡ ∂rψ(t, r) , Π(t, r) ≡
a(t, r)

α(t, r)
∂tψ(t, r)

∂tΨ = ∂r (
α

a
Π)

∂tΠ =
1

r2
∂r (r2

α

a
Ψ)

∂ra

a
+

a2 − 1

2r
= 2πr (Ψ2 + Π2)

∂rα

α
−

∂ra

a
−

a2 − 1

r
= 0

ds2 = − α2(t, r)dt2 + a2(t, r)dr2 + r2dΩ2

Scalar fields in curved spacetime — ADM formalism
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∂tψ = βi∂iψ − αΠ

∂tΠ = βi∂iΠ + αKΠ − e−4ϕγ̄ij (∂jψ∂iα − αΓ̄k
ij∂kψ + α∂i∂jψ + 2α∂jψ∂iϕ)

W ≡ eϕ

D̂2W = − 2πW5ρ

Scalar fields in curved spacetime — BSSN formalism
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Adopts spherical coordinates, 
with both uniform and non-

uniform radial sampling!

The SFcollapse1D code
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• Input: Einstein notation + simple Python data structures (lists)

• Output: Highly efficient C code with CSE, SIMD, and finite differences

Common Subexpression Elimination (CSE)
Single-Instruction, Multiple Data (SIMD) compiler intrinsics

NRPy+ — Overview
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Computing       using NRPy+ ∂2
xϕ

NRPy+ — Scalar field collapse
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Rμν −
1

2
gμνR = 8πTμν

Ricci tensor Ricci scalar

Energy-momentum


tensor

Spacetime metric

Numerical relativity
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, , ,

The ADM variables

gμν

Numerical relativity
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, , ,

The ADM variables

γij Kij α βi

, , ,γ̄ij ϕ α βi,Āij K, , Λ̄i
, Bi

The BSSN variables

Numerical relativity
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Pμ
ν = γμ

ν ≡ δμ
ν + nμnν

ℋ ≡ (3)R + K2 − KijK
ij − 16πρ = 0 ℳi ≡ DjK

j

i
− DiK − 8πSi = 0

The Hamiltonian constraint The momentum constraint

The ADM formalism

tμ ≡ αnμ + βμ

∂tγij = − 2αKij + Diβj + Djβi

∂tKij = βℓ∂ℓKij + Kiℓ∂jβ
ℓ + Kjℓ∂iβ

ℓ − DiDjα

+α ( (3)Rij + KKij − 2KiℓKℓ
j) + 4πα [γij (S − ρ) − 2Sij]

Spatial metric evolution equation
Extrinsic curvature evolution equation

nμ = (−α,0,0,0)

nμ = (α−1, − α−1βi)

ds2 = − α2dt2 + γij (dxi + βidt) (dxj + β jdt)
The (3+1) ADM metric (line element)



The BSSN formalism

γ̄ij = e−4ϕγij

γ̄ij = ̂γij + ϵij

∂tγ̄ = 0

Kij = Aij +
1

3
γijK

Āij = e−4ϕAij

Δi
jk

≡ Γ̄i
jk

− Γ̂i
jk

Δi ≡ γ̄jkΔi
jk

𝒞i ≡ Λ̄i − Δi = 0Āi
i = γ̄ijĀij = 0



Brown, Phys.Rev.D79:104029,2009, arXiv: 0902.3652

The BSSN formalism

Baumgarte et al., Phys.Rev.D.87.044026,2012, arXiv: 1211.6632



Bona et al., PRL 75.4 (1995) gr-qc/9412071

Alcubierre, PRD 67.8 (2003) p. 084023, gr-qc/0206072

The BSSN formalism
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Σ(t)

Σ(t + Δt)
αΔt ̂n

Line of constant xi

βiΔt

The lapse function

The shift vector

The lapse and the shift
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The extrinsic curvature


